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Abstract. We extend the analysis of nonrepetitive sequences of Entringer et al. [Jour-
nal of Combinatorial Theory, 1974] to relaxations of equality testing under nonstandard
equivalence relations, in particular parameterized equivalence and order-preserving
equivalence. For this setting, we introduce ℓ+-squares, defined as squares whose to-
tal length is at least 2ℓ. We obtain an infinite 3+-parameterized-square-free ternary
word and an infinite 3+-order-preserving-square-free binary word through an approach
based on combinatorics on words. In addition, we report the longest ℓ+-square-free
words across several equivalence relations.
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1 Introduction

A square is a non-empty word of the form uu. Squares are one of the simplest and
most studied repetitions in words [4,9]. A word is square-free if it contains no square
as a subword. More than a century ago, Thue [21] constructed an infinite square-free
word over a ternary alphabet. A ternary alphabet is the smallest possible alphabet
for an infinite square-free word. Indeed, every infinite binary sequence contains at
least one of the squares aa, bb, and abab.

The notion of a square can be generalized by replacing equality between the
two halves with a weaker equivalence relation on words. In this paper, we use two
equivalence relations from pattern matching: parameterized equivalence [2] and order-
preserving equivalence [12]. We say that two words u and v of the same length ℓ are
parameterized equivalent if there is a bijection f with f(u[i]) = v[i] for each text
position i. We say that they are order-preserving equivalent if u[i] ⪯ u[j] ⇔ v[i] ⪯ v[j]
holds for every pair of text positions i and j. Order-preserving equivalence can also
be viewed through the increasing bijection on the alphabet. Equivalently, u and v
are parameterized equivalent under an increasing bijection. A non-empty word uv is
called a parameterized (resp. order-preserving) square if u and v are parameterized
(resp. order-preserving) equivalent [13].

Some equivalence relations admit no infinite square-free words. For example, ev-
ery word of length two is a parameterized square, so no parameterized-square-free
infinite word can exist. Even if we consider only non-trivial squares (those of length
greater than two), no infinite word avoids every non-trivial parameterized square [13].
Consequently, weaker notions of square-freeness are required to give positive results
on infinite words that avoid a weaker type of square. We study ℓ+-squares, squares of
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Table 1. Lengths of the longest ℓ+-square-free words under various equivalence relations and
alphabet sizes. An entry marked ∞ indicates the existence of an infinite ℓ+-square-free word. A
question mark (?) denotes a case that remains open. A dash (−) indicates that infiniteness follows
from another case (e.g., a smaller ℓ or σ).

Strict Equality

σ\ℓ 1 2 3 4
2 3 18 ∞ −
3 ∞ − − −
4 − − − −
5 − − − −

Parameterized Equivalence

σ\ℓ 1 2 3 4
2 1 7 ∞ −
3 1 9 − −
4 1 9 − −
5 1 9 − −

Order-Preserving Equivalence

σ\ℓ 1 2 3 4
2 1 7 ∞ −
3 1 ∞ − −
4 1 − − −
5 1 − − −

Cartesian-Tree Equivalence [17]

σ\ℓ 1 2 3 4
2 1 5 29 ?
3 1 9 ? ?
4 1 9 ? ?
5 1 9 ? ?

length at least 2ℓ, and investigate ℓ+-square-free words under parameterized equiva-
lence.

A complete characterization of the avoidability of length-restricted parameterized
and order-preserving squares can be derived by combining existing results [13,16].
However, the proofs by Ng et al. [16] do not rely solely on combinatorics on words be-
cause their approach uses large morphisms and automated theorem proving tools. In
this paper, we construct square-free words using an approach based on combinatorics
on words.

Our main results are summarized as follows. We first prove the existence of an
infinite 3+-parameterized-square-free ternary word. We then show the existence of
an infinite 3+-order-preserving-square-free binary word. Both infinite words are con-
structed using small morphisms, and their square-freeness is proved through an ap-
proach based on combinatorics on words. Finally, through computational experiments,
we establish the maximum lengths of words that avoid length-restricted squares under
several nonstandard equivalence relations and give explicit longest words.

Table 1 summarizes the maximum lengths of ℓ+-square-free words under several
equivalence relations.

Related Work. Square-free words were first studied by Thue [21] over a century
ago and have since remained an active topic of research. Variants involving length-
restricted squares have also been explored. For example, it is known that every binary
word of length greater than eighteen contains a 2+-square [8]. In contrast, infinite bi-
nary 3+-square-free words exist [8,20]; they are constructed by applying a morphism
to a ternary square-free word. This kind of freeness has also been studied for Gray
codes [18] and circular words [5].

Squares and other repetitions under generalized equivalence relations on words
have also been studied. In the abelian model, where equivalence is defined by the
multiset of characters, Keränen [11] showed the existence of infinite abelian-square-
free words over a four-character alphabet, but it is known that none exist over a
ternary alphabet. In the parameterized setting, the number of parameterized squares
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in a word has also been studied [13,10]. Cubic and unary patterns under permutations,
which are closely related to parameterized matching, have also been studied [14,6].

Words avoiding parameterized and order-preserving squares have also been studied
in several works. Kociumaka et al. [13] showed that an infinite 2+-order-preserving-
square-free word exists over a ternary alphabet, whereas no such word exists in the
parameterized model even without restrictions on the alphabet size. Ng et al. [16]
constructed an infinite binary word that avoids every ordinary square and antisquare
of length at least 6, where an antisquare is a binary word of the form xx and x is
obtained by changing every character of x. Since parameterized squares over a binary
alphabet are precisely ordinary squares and antisquares, this infinite binary word is
3+-parameterized-square-free. Moreover, every order-preserving square is a parame-
terized square, and hence the word is 3+-order-preserving-square-free. Their results
were proved using large morphisms found through computer search and Walnut [15].
Combining these results gives a complete characterization of the values of ℓ and the
alphabet sizes for which infinite ℓ+-square-free words exist in the parameterized and
order-preserving models.

2 Preliminaries

Let Σ be an alphabet. We denote the size of Σ by σ. An element of Σ is referred to
as a character, and an element of Σ∗ is referred to as a word. We denote a word x
of length n as x = x[0] · · · x[n − 1], where x[i] denotes the i-th character of x. For
0 ≤ i < j ≤ |x|, we denote by x[i..j) the subword of x consisting of the characters
x[i] · · · x[j − 1], where the notation [i..j) follows the half-open interval convention. If
a word x does not contain another word w as a subword, we say that x avoids w.

Two words x, y ∈ Σn are parameterized equivalent if there exists a bijective func-
tion f : Σ → Σ such that f(x[i]) = y[i] for all 0 ≤ i < n. Two words x, y ∈ Σn on a
totally ordered alphabet Σ are order-preserving equivalent if x[i] ⪯ x[j] ⇔ y[i] ⪯ y[j]
holds for every pair i, j ∈ [0..n − 1]. We note that order-preserving equivalence is
stronger than parameterized equivalence; in particular, if two words x and y are
order-preserving equivalent, then they are also parameterized equivalent.

A word of the form ww is called a (standard) square. A word that contains no
standard square as a subword is called square-free. For an integer ℓ, we call such a
square an ℓ+-square if its total length is at least 2ℓ. A word of the form uv, where u
and v are parameterized (resp. order-preserving) equivalent, is called a parameterized
(resp. order-preserving) square. We use the term ℓ+-parameterized (resp. ℓ+-order-
preserving) square to refer to such a square when its length is at least 2ℓ. A word is
said to be ℓ+-square-free, with respect to an equivalence model (exact, parameterized,
order-preserving, etc.), if it contains no square of the corresponding type with length
at least 2ℓ.

A morphism on two alphabets Σ and Σ ′ is a function h : Σ∗ → Σ ′∗ such that
h(xy) = h(x)h(y) for all words x, y ∈ Σ∗. Hence, to define a morphism h, it suffices
to specify h(c) for each character c ∈ Σ. When Σ ′ = Σ (i.e., h : Σ∗ → Σ∗), we define
hk(x) for x ∈ Σ∗ as the word obtained by applying h to x repeatedly k times. If x
is a prefix of h(x), then hk(x) is a prefix of hk+1(x) for every k ≥ 0. If the lengths
|hk(x)| are unbounded, these finite words define an infinite word. Let Σ2 = {0, 1} and
Σ3 = {a, b, c} denote the binary and ternary alphabets, respectively. In this paper,
we put special emphasis on the morphism ϕ : Σ∗

3 → Σ∗
3 defined by
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a ↦→ abc,

b ↦→ ac,

c ↦→ b.

It is known that ϕk(a) is square-free for any k ≥ 0 [3]. For instance, ϕ(a) = abc,
ϕ2(a) = abcacb, and ϕ3(a) = abcacbabcbac, none of which contains a square.

3 3+-Parameterized-Square-Free Ternary Words

In this section, we aim to construct an infinite 3+-parameterized-square-free ternary
word. We define C = cbbbc and let µ : Σ∗

3 → Σ∗
3 be the morphism that maps c

to C while leaving a and b unchanged. For each k ≥ 0, we define x′k = ϕk(a) and
xk = µ(x′k). Recall that x

′
k is square-free [3].

We first show that xk contains no 3+-parameterized squares except for the stan-
dard squares.

Lemma 1. For any k ≥ 0, if a 3+-parameterized square w = uv (|u| = |v| ≥ 3)
exists as a subword of xk, then u = v.

Proof. Let w = uv be a 3+-parameterized square subword of xk of length 2ℓ (ℓ ≥ 3),
where u and v are parameterized equivalent under some bijection f .

We first determine the nonempty subwords of x′k that avoid c. Since every subword
of the square-free word x′k is square-free, such a subword cannot contain any of the bi-
nary squares aa, bb, abab, and baba. Indeed, avoiding aa and bb forces a binary word
to alternate, and every alternating word of length at least four contains abab or baba.
Thus, any nonempty subword of x′k that avoids c belongs to {a, b, ab, ba, aba, bab}.
We next exclude aba. This is clear for x′0 = a. For k ≥ 1, write x′k = ϕ(z) with
z = x′k−1. In any occurrence of aba, the middle b is preceded and followed by a.
Consider an occurrence of b in ϕ(z). It is either the middle character of ϕ(a) = abc
or the whole image ϕ(c) = b, since ϕ(b) = ac contains no b. In the first case, this b
is followed by c, and hence it cannot be the middle character of aba. In the second
case, if this c is the first character of z, then this b has no preceding character and
cannot be the middle character of aba. Otherwise, the character preceding this b is
the last character of ϕ(d) for the character d preceding this c in z. Since ϕ(a) = abc,
ϕ(b) = ac, and ϕ(c) = b end with c, c, and b, respectively, the character preced-
ing this b is not a. Hence aba does not occur in x′k. Consequently, every nonempty
subword of x′k that avoids c belongs to S = {a, b, ab, ba, bab}.

We next show that bb occurs in w. Since xk is obtained from x′k by replacing
each occurrence of c with C, any subword of xk that avoids bb cannot contain an
occurrence of C, because C = cbbbc contains bb. Moreover, no suffix or prefix of C
of length at least 3 avoids bb. Suppose, for the sake of contradiction, that w avoids
bb. Then, it must be of the form w = αsβ, where α (resp. β) is a suffix (resp. prefix)
of C of length at most 2 and s ∈ S. This gives |s| = 2ℓ − |α| − |β| ≥ 2, so the only
possibilities for s are ab, ba, and bab. Consequently, the only possible candidates for
w, whose length is even and at least six, are bcbabc, cbabcb, bcabcb, and bcbacb.
None of them is a parameterized square. Hence, bb occurs in w.

Since |w| ≥ 6 and every occurrence of bb in xk must be a part of an image of c
(i.e., C = cbbbc), either u or v must contain the subword cbb or bbc. Since x′k is
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Figure 1. Illustration for Lemma 2. In this figure, the two occurrences of u in w = u2 have different
offsets. The left one has offset r = 3, and the right one starts at a boundary, that is, with offset 0.
In this case, u starts with αbb = bcbb, where α = bc. The factorization starting at position t− r is
C|b|b. This implies that x′

k contains the square bb.

square-free, it contains no two equal consecutive characters. The morphism µ only
replaces c with C = cbbbc. Thus, every occurrence of two equal consecutive characters
in xk is contained in the block bbb of an occurrence of C. Hence, if a length-three
subword of xk has its last two (resp. first two) characters equal and the remaining
character different, then it must be cbb (resp. bbc). Thus, the only subword of xk
parameterized equivalent to cbb (resp. bbc) is cbb itself (resp. bbc itself). Therefore,
the corresponding subword in the other half of w is identical to cbb or bbc, and hence
f(b) = b and f(c) = c. Consequently, f must be the identity function, and w is a
standard square w = uu. ⊓⊔

We also show the 3+-square-freeness of xk.

Lemma 2. For any k ≥ 0, the word xk is 3+-square-free.

Proof. Let S = {a, b, C}. In this proof, we define a factorization of a word z as a
decomposition z = f1 · · · fm with fi ∈ S for every i. The words fi are called factors.
Since S is prefix-free, such a factorization is unique whenever it exists. Moreover,
since µ maps c to C while leaving a and b unchanged, the word xk = µ(x′k) has a
factorization, and hence it has a unique factorization. We call a position a boundary if
a factor starts there. If a position is not a boundary, then it lies inside an occurrence
of C. In this case, we denote its offset from the beginning of that occurrence to be an
element of {1, 2, 3, 4}. Boundary positions are said to have offset 0. If both endpoints
of a subword z of xk are boundaries, then its factorization determines a unique word
v such that µ(v) = z.

For the sake of contradiction, assume that there exists a square subword w =
uu = xk[p − ℓ..p + ℓ) of xk with ℓ ≥ 3 centered at text position p. Let i = p − ℓ be
the starting position of the square.

We first show that the two occurrences xk[i..p) and xk[p..p + ℓ) of u start at the
same offset. Assume that one occurrence starts at offset r ∈ {1, 2}. Then it begins
with bbb if r = 1 and with bbc if r = 2. These prefixes occur only inside an occurrence
of C, and the offset is uniquely determined. Hence the other occurrence also starts
at the same offset r.

Next assume that one occurrence starts at offset r ∈ {3, 4}. Let α = C[r..5), so
α = bc for r = 3 and α = c for r = 4. If an occurrence starts away from a boundary,
then the prefix α determines its offset uniquely. Suppose, for the sake of contradiction,
that the other occurrence starts at a different offset. Since the prefix α determines
every non-boundary offset, the other occurrence must start at a boundary. In this
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Figure 2. Illustration for Lemma 2. In the figure, xk has a square w = uu = (bbcacbbbcbacb)2

and u is written as u = αzβ where α = bbc, β = cb, and z = acbbbcba. In this case, w = uu is
generated from (cacba)2c and thus x′

k has a square (cacba)2.

case, the other occurrence of u starts at offset 0 with prefix α. If r = 4 (α = c), then
the first factor in the factorization beginning at this occurrence must be C. If r = 3
(α = bc), then the first and second factors in this factorization must be b and C,
respectively. In both cases, u starts with αbb. Consider the occurrence of u with offset
r, and let its starting position be t. Since α appears as a suffix of the occurrence of C
starting at position t− r, the factorization of xk at position t− r begins with C|b|b.
This factorization implies that x′k contains the square bb, contradicting the square-
freeness of x′k (see Figure 1). Thus, whenever one occurrence of u starts away from a
boundary, the other occurrence starts at the same offset in {1, 2, 3, 4}. Equivalently,
if one occurrence starts at a boundary, then the other occurrence also starts at a
boundary.

If both occurrences of u start at boundaries, then both endpoints of the first occur-
rence xk[i..p) are boundaries. The equality of the two occurrences and the uniqueness
of the factorization imply that xk[p..p + ℓ) has the same factorization. Thus, both
endpoints of xk[p..p + ℓ) are also boundaries. Let v be the unique word such that
µ(v) = xk[i..p). Then both endpoints of w are boundaries, and w = µ(v2). Hence v2

occurs in x′k. This contradicts the square-freeness of x
′
k. Otherwise, let r ∈ {1, 2, 3, 4}

be the common offset of the two occurrences of u. Let α be the suffix of C of length
5 − r and β be the prefix of C of length r. Since βα = C and the center position p
of the square w = uu lies on an occurrence of C with offset r = |β|, u can be written
as u = αzβ, where z = xk[i+ |α|..p− |β|) (see Figure 2). Since the positions i+ |α|,
p−|β|, p+ |α|, and p+ℓ−|β| are boundaries, the two subwords xk[i+ |α|..p−|β|) and
xk[p+ |α|..p+ ℓ− |β|) have exactly the same factorization. Let v be the unique word
such that µ(v) = z. Hence, w = αµ(v)βαµ(v)β. Since both the starting and ending
position of w lie inside occurrences of C, by extending this subword to the left by r
positions and to the right by 5− r positions, we obtain Cµ(v)Cµ(v)C as a subword
of xk. This subword is equal to µ(cvcvc). Thus, x′k contains the square (cv)2. This
contradicts the square-freeness of x′k. ⊓⊔

By combining the above results, we can obtain the main result.

Theorem 3. For any k ≥ 0, the ternary word xk = µ(ϕk(a)) is 3+-parameterized-
square-free.

Proof. By Lemma 1, if a subword w is a 3+-parameterized square, then w must be
a standard square. However, by Lemma 2, such square does not exist. Therefore xk
does not contain any 3+-parameterized-square. ⊓⊔
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4 3+-Order-Preserving-Square-Free Binary Words

In this section, we show that there exists an infinite 3+-order-preserving-square-free
binary word. The proof is similar to [19], where it is observed that applying the
morphism ψ : Σ∗

3 → Σ∗
2 with ψ(a) = 0000, ψ(b) = 0101, and ψ(c) = 1111 to a

square-free ternary word x yields a 3+-square-free binary word (in the strict sense).
We show that the same property holds when we slightly modify the morphism ψ to
another morphism τ : Σ∗

3 → Σ∗
2 (Lemma 4). Then, we construct an infinite binary

word by combining the two morphisms τ and ϕ (Theorem 5).
Let τ : Σ∗

3 → Σ∗
2 be the morphism defined as

a ↦→ 00,

b ↦→ 0101,

c ↦→ 11.

The following lemma will be proved in Section 4.1.

Lemma 4. For any square-free ternary word x, the word τ(x) is 3+-square-free.

Let x′k = ϕk(a) and yk = τ(x′k) for every k ≥ 0. Recall that each x′k is square-free,
and thus, each yk is 3+-square-free by Lemma 4. We prove the main theorem of this
section.

Theorem 5. For any k ≥ 0, the binary word yk = τ(ϕk(a)) is 3+-order-preserving-
square-free.

Proof. Assume, for the sake of contradiction, that there exists a subword w = uv
(|u| = |v|) of yk that is a 3+-order-preserving square of length 2ℓ (ℓ ≥ 3). Since yk is
3+-square-free and ℓ ≥ 3, we have u ̸= v. If either u or v contains both 0 and 1, then
the only order-preserving bijection between their alphabets is the identity. Therefore,
since u ̸= v, the only possible case is when both u and v consist of a single repeated
character but differ from each other (i.e., {u, v} = {0ℓ, 1ℓ}). To prove that such a
square cannot occur in yk, it suffices to show that yk contains neither 0313 nor 1303

as a subword.
Since τ(a) = 00, τ(b) = 0101, and τ(c) = 11, any occurrence of 03 (resp. 13) in

yk = τ(x′k) is contained in τ(aa) or τ(ab) (resp. τ(cc) or τ(bc)), if it exists. Since x′k
is square-free, it contains neither aa nor cc. Thus, 03 can appear only as the prefix of
τ(ab) = 000101, and 13 can appear only as the suffix of τ(bc) = 010111. Therefore,
a subword of the form 0313 or 1303 can occur only inside τ(bcab), so that

τ(bcab) = τ(b)τ(c)τ(a)τ(b) = 010 1303 101.

However, bcab cannot occur in x′k. If k = 0, then this is immediate from x′0 = a. If
k ≥ 1, then both bc and ab can only be generated by applying ϕ to the character
a. Thus, an occurrence of bcab in x′k = ϕ(x′k−1) would imply an occurrence of aa in
x′k−1, contradicting the square-freeness of x′k−1. Therefore, yk contains no 3+-order-
preserving square. ⊓⊔

In the rest of this section, we give a proof of Lemma 4.
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4.1 Proof of Lemma 4

Before starting the proof, we introduce some notation. Let x be a square-free ternary
word. We denote w = τ(x). A subword w[i..j) of w is called a block if it is exactly gen-
erated from the subword x[s..e), i.e., there exists a pair of integers s and e such that
τ(x[0..s)) = w[0..i) and τ(x[s..e)) = w[i..j) hold. We denote F = {τ(a), τ(b), τ(c)} =
{00, 0101, 11}. In this subsection, we define a factorization of a block z as a decompo-
sition z = f1 · · · fm with fi ∈ F for every i. The words fi are called factors. Note that
this convention differs from the factorization used in Lemma 2. Since F is prefix-free,
such a factorization is unique whenever it exists. Every block w[i..j) has such a factor-
ization by definition, and therefore its factorization is uniquely defined. Moreover, the
factorization of a block z determines a unique word v such that τ(v) = z. A position
i with 0 ≤ i ≤ |w| is called a boundary if i = |w| or a factor starts at position i in
the factorization of w. For any position i, let oi and o

′
i be the smallest non-negative

integers such that i+ oi and i− o′i are boundaries, respectively, where 0 ≤ oi, o
′
i ≤ 3.

In particular, oi = 0 if and only if o′i = 0. Since the length of a factor is either two
(for 00, 11) or four (for 0101), oi ≥ 2 implies that the factor ending at position i+ oi
is 0101. Similarly, o′i ≥ 2 implies that the factor starting at position i− o′i is 0101.

Next, we introduce Fact 4.1, which states that w contains no short squares of
lengths between 6 and 12. Let w[i..j) be a subword of w of length 2ℓ. By construction
of w, the subword w[i− o′i..j+ oj) is a block generated from a square-free subword of
x of length at most ℓ + 1. Indeed, each factor has length at least two, so a subword
of length 2ℓ can intersect at most ℓ + 1 factors. Thus, we can verify Fact 4.1 by
enumerating all words in {τ(v) | v ∈ Σ∗

3 , 1 ≤ |v| ≤ 7, v is square-free} and checking
3+-square-freeness1.

Fact : For every 3 ≤ ℓ ≤ 6, the word w contains no square of length 2ℓ.

We next establish two lemmas, which rule out long equal subwords with different
boundary offsets.

Lemma 6. There is no pair of subwords w[i..i + ℓ) and w[j..j + ℓ) such that ℓ ≥ 7,
w[i..i+ ℓ) = w[j..j + ℓ), and oi ̸≡ oj (mod 2).

Proof. Assume on the contrary that there are two subwords w[i..i + ℓ) = w[j..j + ℓ)
of length ℓ ≥ 7 with oi ̸≡ oj (mod 2). Let u = w[i..i + ℓ) = w[j..j + ℓ). Assume
oi < oj without loss of generality. We first consider the case oi = 0, oj = 3. In this
case, w[j − 1..j + 3) must be a factor, specifically w[j − 1..j + 3) = 0101. Then,
w[j..j + 3) = w[i..i + 3) = 101, which contradicts oi = 0 since no factor starts with
101.

The remaining case is oj = oi+1. Let fi and fj be the factors starting at positions
i + oi and j + oj, respectively. Since oj = oi + 1, we have 0 ≤ oi ≤ 2. Together with
ℓ ≥ 7 and the fact that every factor has length at most four, this ensures that the
factor immediately following fi exists. Let gi be this factor. Since ℓ ≥ 7, both fi and
fj are contained in u = w[i..i+ℓ) = w[j..j+ℓ). Further, since oj = oi+1, the starting
positions of the occurrences of fi and fj inside u are different by one position. These
facts imply that (figi)[1..|fj|+ 1) = fj holds.

We consider the following three cases according to the value of fi.
Case 1: fi = 0101: Then fj must start with 10 because fj[0..2) = u[oj..oj + 2) =
u[oi + 1..oi + 3) = fi[1..3) = 10. However, no factor starts with 10, a contradiction.

1 The source code is available at https://github.com/koeppl/squarechecker/check_short_

string_3plus_square_freeness.py

https://github.com/koeppl/squarechecker/check_short_string_3plus_square_freeness.py
https://github.com/koeppl/squarechecker/check_short_string_3plus_square_freeness.py
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Case 2: fi = 11: Then fj must start with 1, hence fj = 11 ∈ F . From (figi)[1..|fj|+
1) = fj = 11, gi also starts with 1, so gi = 11. Therefore, figi = 1111, which is the
image of cc under τ . This implies that x contains the square cc, contradicting the
square-freeness of x.
Case 3: fi = 00: Then fj must start with 0, so fj is either 00 or 0101. If fj = 00,
as in the previous case, we obtain gi = 00 from (figi)[1..|fj| + 1) = fj = 00. Then,
figi = 0000 = τ(aa), contradicting the square-freeness of x. Otherwise, if fj = 0101,
then gi must start with 10, which contradicts that gi ∈ F . ⊓⊔

Lemma 7. There is no pair of subwords w[i..i + ℓ) and w[j..j + ℓ) such that ℓ ≥ 7,
w[i..i+ ℓ) = w[j..j + ℓ), and oi − oj ≡ 2 (mod 4).

Proof. Assume on the contrary that there are two subwords w[i..i + ℓ) = w[j..j + ℓ)
of length ℓ ≥ 7 with oi − oj ≡ 2 (mod 4). Let u = w[i..i + ℓ) = w[j..j + ℓ). Assume
oi < oj without loss of generality. Then, the only possible pairs for (oi, oj) are (0, 2)
and (1, 3), so oj = oi + 2. Let fi and fj be the factors starting at positions i+ oi and
j + oj, respectively. Also, let ej be the factor immediately preceding fj. Since oj ≥ 2,
we have ej = 0101.

From u = w[i..i + ℓ) = w[j..j + ℓ) and oj = oi + 2, it follows that u[oi..oi + 2) =
u[oj − 2..oj) = ej[|ej| − 2..|ej|) = 01. Hence fi = 0101, because it is the only factor
that starts with 01. Also, u[oj..oj+2) = u[oi+2..oi+4) = fi[2..4) = 01, so fj = 0101.
Therefore, the two consecutive factors around position j + oj satisfy ej = fj = 0101.
Consequently, ejfj = 01010101 = τ(bb), which implies that x contains the square bb,
contradicting the square-freeness of x. ⊓⊔

Now, we are ready to prove Lemma 4.

Proof (of Lemma 4). For the sake of contradiction, assume w contains a square w[i..k)
of length 2ℓ ≥ 6. Let j = i + ℓ where ℓ = (k − i)/2, so w[i..k) = uu with u =
w[i..j) = w[j..k). By Fact 4.1, w has no square with 3 ≤ ℓ ≤ 6, thus ℓ ≥ 7. Let
d = (oi − oj) mod 4. We classify squares in w by the values of oi, o

′
j, oj, o

′
k and d.

Case 1: d = 2: This case contradicts Lemma 7.
Case 2: d ∈ {1, 3}: This case is equivalent to oi ̸≡ oj (mod 2). Thus, the existence
of square w[i..k) = uu contradicts Lemma 6.
Case 3: d = 0: In this case, oi = oj holds. Assume w[i..j) is factorized as w[i..j) =
αf1 · · · ftβ, where α = w[i..i+oi) and β = w[j−o′j..j) may be empty, and each fp is a
factor. Then, w[j..k) is also factorized as w[j..k) = αf1 · · · ftβ, because w[i+ oi..j) =
w[j + oj..k), both i+ oi and j + oj are boundaries, and the factorization of a block is
unique. More precisely, o′j = o′k and w[i..k) = αf1 · · · ftβαf1 · · · ftβ hold. We denote
f = f1 · · · ft, and let g be the word such that τ(g) = f . Note that such g is uniquely
defined.

Case 3-(a): oi = oj = 0: In this case, both i and j are boundaries. Hence, both
α and β are the empty word, and w[i..j) is fully factorized as w[i..j) = f1 · · · ft = f .
Likewise, w[j..k) = f , and thus w[i..k) = w[i..j)w[j..k) = f 2. Since τ(g2) = f 2, the
block w[i..k) is generated from the word g2. Hence g2 occurs in x, a contradiction.

Case 3-(b): oi = oj ∈ {2, 3}: In this case, the factors crossing positions i and j
must be 0101. In particular, w[i−o′i..i+oi) = w[j−o′j..j+oj) = 0101. Thus, the block
w[i − o′i..k − o′k) is factorized as |0101|f |0101|f |. Therefore, this block is generated
from the word (bg)2, implying that x contains a square (see the top of Figure 3), a
contradiction.
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𝑥

0 01 1 1 1 0 10 1 0 1 0 1 1 01 0 1 1 0

𝑢

𝜏

𝑤 = 𝜏 𝑥

b c a c b c a c

𝑢

𝑔 𝑔

𝑓 𝑓

𝑥

0 0 1 01 0 0 1 0 1 0 10 1 0 0 0

𝑢

𝜏

𝑤 = 𝜏 𝑥

a c a b a c a

𝑢

𝑔 𝑔

b

1 1 0 1

𝑓 𝑓

Figure 3. Illustrations of examples for Case 3-(b) (top) and Case 3-(c)-(ii) (bottom) of Lemma 4.
In the first figure, the word w = τ(x) contains a square uu = (1011100110)2 and x contains a square
(bg)2 = (bcac)2. In the second figure, the word w = τ(x) contains a square uu = (1001100010)2 and
x contains a square (gb)2 = (acab)2.

Case 3-(c)-(i): oi = oj = 1 and o′
j = o′

k = 1: In this case, the factor crossing

position j has length two, i.e., w[j−o′j..j+oj) is either 00 or 11. Let c be the character
such that w[j − o′j..j + oj) = cc. Since w[j − o′j] and w[j] correspond to the last and
first characters of u, respectively, we have α = β = c. Therefore, w[i..k) = uu is
of the form cfccfc. If c = 0, the factor crossing position i must be 00, because it
is the only factor that ends with 0. Then, the block w[i − o′i..k − o′k) is factorized
as |00|f |00|f |. Therefore, this block is generated from the word (ag)2, implying that
x contains a square (see the top of Figure 4), a contradiction. If c = 1, the factor
crossing position k must be 11, because it is the only factor that starts with 1. Then,
the block w[i+oi..k+ok) is factorized as |f |11|f |11|. Therefore, this block is generated
from the word (gc)2, implying that x contains a square (see the bottom of Figure 4),
a contradiction.

Case 3-(c)-(ii): oi = oj = 1 and o′
j = o′

k ̸= 1: In this case, o′j = o′k = 3. This
is because oj = 1, so j is not a boundary and the factor crossing position j has length
oj + o′j = 1 + o′j. Every factor has length either 2 or 4. The proof of this case is
analogous to that of Case 3-(b). In this case, the factors crossing positions j and k
are 0101, so the block w[i+oi..k+ok) is factorized as |f |0101|f |0101|. Therefore, this
block is generated from the word (gb)2, implying that x contains a square (see the
bottom of Figure 3), a contradiction.

The preceding cases exhaust all possible scenarios for a square uu occurring in
w = τ(x). Since each of these cases leads to a contradiction with the square-freeness
of x, we conclude that w = τ(x) is 3+-square-free. ⊓⊔
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𝑥

0 0 0 01 1 1 1 0 0 0 0 1 1 1 0

𝑢

𝜏

𝑤 = 𝜏 𝑥

a b c b

𝑢

𝑔 𝑔

c

𝑓 𝑓

a

1

𝑥

0 1 0 01 0 1 1 0 1 0 0 0 1 1

𝑢

𝜏

𝑤 = 𝜏 𝑥

b a c a

𝑢

𝑔 𝑔

c

1

𝑓 𝑓

b

1

Figure 4. Illustrations of examples for Case 3-(c)-(i) of Lemma 4. In the first figure, the word
w = τ(x) contains a square uu = (00101110)2 and x contains a square (ag)2 = (abc)2. In the
second figure, the word w = τ(x) contains a square uu = (10101001)2 and x contains a square
(gc)2 = (bac)2.

5 Conclusions

In this paper, we studied ℓ+-square-free words under several equivalence relations.
We gave combinatorial proofs of the existence of an infinite 3+-parameterized-square-
free ternary word and an infinite 3+-order-preserving-square-free binary word. Both
infinite words were constructed using small morphisms.

Through computational experiments, we also determined the maximum lengths
in the finite cases reported in Table 1. Table 2 gives an explicit longest word for
each such case. These values and words were obtained with software tools2. We list
alphabet sizes only up to σ = 5. For the finite entries in the tables, our experiments
also gave the same values when σ ≥ 6.

As a direction for future work, it would be interesting to study repetition thresh-
olds [7,1] under these equivalence relations. A repetition threshold is the smallest
real number r such that some infinite word avoids every factor of exponent greater
than r. This can be viewed as another direction in generalizing square-freeness: while
ℓ+-square-freeness relaxes classical square-freeness by considering only long squares,
repetition thresholds relax it by bounding the exponent of repetitions. In the strict-
equality setting, repetition thresholds have been studied extensively, including ques-
tions about the maximum exponent and the number of occurrences of factors attaining
it. Whether analogous results hold under other equivalence relations is an interesting
question.
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2 https://github.com/koeppl/squarechecker
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Table 2. Examples of longest ℓ+-square-free words under various equivalence relations and alphabet
sizes. Each finite entry gives one longest word. An entry marked ∞ indicates the existence of an
infinite ℓ+-square-free word. A waved line indicates a conjectured result based on experimental
results. A dash (−) indicates that infiniteness follows from another case (e.g., a smaller ℓ or σ).

Strict Equality

σ\ℓ 1 2 3 4
2 aba abaabbaaabbbaabbab ∞ −
3 ∞ − − −
4 − − − −
5 − − − −

Parameterized Equivalence

σ\ℓ 1 2 3 4
2 a aaabaaa ∞ −
3 a aabaaabcc − −
4 a aabaaabcc − −
5 a aabaaabcc − −

Order-Preserving Equivalence

σ\ℓ 1 2 3 4
2 a aaabaaa ∞ −
3 a ∞ − −
4 a − − −
5 a − − −

Cartesian-Tree Equivalence

σ\ℓ 1 2 3 4
2 a baaba bbaaabbabaabbbababaaabbababaa

::
∞

3 a aacbaccba
::
∞ −

4 a aacbaccba − −
5 a aacbaccba − −

JP25K21150 (DK), JP23K24808, JP23K18466 (SI), and JST BOOST, Japan Grant
Number JPMJBS2406 (HS).
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