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Abstract. We show that the BWT and the Lyndon array of a string can be constructed
simultaneously using only O(1) additional memory words in the general ordered alpha-
bet model. Our algorithm extends the in-place quadratic-time BWT construction of
Crochemore et al. [I0] by maintaining suffix ranks during the right-to-left construc-
tion, from which the Lyndon array is derived via a next-smaller-value procedure. We
also consider the construction of the succinct 2n-bit representation of the Lyndon ar-
ray under the same constant-space constraints. Although not practical, our methods
demonstrate that these fundamental structures admit in-place constructions under the
strongest possible space bounds, even over unbounded alphabets.
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1 Introduction

The Burrows-Wheeler Transform (BWT) [8] and the Lyndon array (LA) [14] are
fundamental structures in string processing. The BWT underlies compressed index-
ing [I3] and data compression [8], while the LA captures the combinatorial structure
of a string through its Lyndon factorization and plays a role in several pattern-
matching [54] and combinatorial algorithms [2/3]

The BWT depends on the lexicographic ordering of all suffixes of the input string.
A standard approach computes the BWT in O(n) time after constructing the suf-
fix array (SA) [19], which requires O(nlogn) bits of extra space. Several algorithms
compute the BWT directly in linear time using only O(nlog o) bits of working space,
including the induced-sorting algorithm of Okanohara and Sadakane [23] and sub-
sequent deterministic constructions [20J6]. Under the much stronger restriction of
using only O(1) additional words, however, the most efficient known algorithm is
the in-place O(n?) construction of Crochemore et al. [10], which overwrites the input
text while requiring only constant extra memory. Their method works in the general
ordered alphabet model, requiring only constant-time symbol comparisons and no
assumptions on the alphabet size.

The Lyndon array can likewise be computed from the suffix ordering in O(n)
time using O(nlogn) bits of extra space [I4I5[I7[22]. Alternatively, it can be ob-
tained via Duval’s factorization algorithm [12] in O(n?) time using O(1) extra space.
More recently, Bille et al. [7] showed that the Lyndon array can be computed in O(n)
time using only O(1) extra words, and in o(n) extra bits for the succinct represen-
tation [I8]. Their algorithm, like that of Crochemore et al., operates in the general
ordered alphabet model and does not depend on o.
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i | Sorted suffix Tsap | SA[i] | ISA[i] | BWTI[4] | LA[i]
0|$ 6 4 A 1
1] A$ 5 3 N 2
2| ANAS 3 6 N 1
3| ANANAS 1 2 B 2
4 | BANANAS 0 5 $ 1
5| NAS 4 1 A 1
6| NANAS 2 0 A 1

LAge = ()(O)(0))O0)

Figure 1. SA, ISA, BWT and LA for T = BANANA$. The Lyndon array LA[i] gives the length of the
longest Lyndon word starting at position 7. LAgp gives the succinct 2n-bit representation of LA.

Our contribution. In this paper, we extend the quadratic in-place BWT algorithm of
Crochemore et al. [10] to simultaneously compute the Lyndon array, while still using
only O(1) extra space. The resulting algorithm constructs both structures in O(n?)
time using constant additional space. Compared with the linear-time algorithm of
Bille et al. [7], our approach is asymptotically slower but computes the BWT in place
while simultaneously constructing the Lyndon array using only O(1) additional space.
We further show that the succinct 2n-bit representation of the Lyndon array can be
constructed under the same constant-space constraints in O(n*¢) time. In contrast,
the construction of Bille et al. [7] achieves linear time by allowing additional o(n)
bits of working space. Alternatively, the succinct Lyndon array can be computed in
O(n/log, n) time using extra space, as shown in [1].

2 Preliminaries

Let X be an ordered alphabet of ¢ symbols, which may be unbounded. We assume
symbols in X are compared in constant-time. Let § be a special symbol (end marker)
not in ' that is lexicographically smaller than every symbol in 3. We denote by X*
the set of all finite nonempty strings over X, and we define X*$ = {T$ | T € 2* }.

For a string T' = T[0]T[1]...T[n — 1] over X*§, of length n, we write T'[i, j] =
T[i|T[i + 1]---T[j] for the substring starting at position i and ending at j, where
0 <i<j<n. Aprefiz of T is a substring of the form T10, k], and a suffiz is a
substring of the form T'[k,n — 1], with 0 < k < n. We denote the suffix that begins
at position i by T;.

The suffiz array (SA) [19] of T € X*$ is an array SA[0,n — 1] that contains a
permutation of {0,...,n — 1} such that

Tsap) < Tsap) < -+ < Tspp-

in lexicographic order. The inverse suffiz array (ISA) is the inverse permutation
defined by ISA[SA[i]] = i. Hence, ISA[k] gives the lexicographic rank of the suffix Ty.

The Burrows—Wheeler Transform (BWT) [8] of a string 7" is a permutation of
its characters that tends to cluster equal symbols. It can be defined using the suffix
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array as
BWTH] = {T[SA[z] — 1], if SA[i] >0,
$, otherwise.

A Lyndon word [9] is a nonempty string that is strictly smaller in lexicographic
order than all of its proper nonempty suffixes. Every string can be uniquely factorized
as a concatenation of Lyndon words in nonincreasing lexicographic order (the Lyndon
factorization).

The Lyndon array (LA) [14] (also called Lyndon table [I1]) of a string T € X*$ is
an array LA[0,n — 1] that stores, for each position 7, the length of the longest Lyndon
word starting at 7. Formally,

LA[i] = min{j —i | j >4, T[i,j — 1] is not smaller than T[j,n — 1] },

or equivalently, the Lyndon array can be computed from the inverse suffix array using
the next smaller value (NSV) function:

LA[i] = NSVisa(i) — 4, (1)

where

and NSVisa(i) = n if no such j exists.

Figure [I] shows the SA, ISA, BWT and Lyndon array for 7" = BANANAS.

The Lyndon array can be represented as a succinct balanced-parentheses sequence
(BPS) [21] that requires only 2n bits of space. Introduced in [18], when augmented
with o(n) additional bits, this representation allows every value LA[i] to be retrieved
in O(1).

Let T be a string of length n and let LA[0..n — 1] be its Lyndon array. Define an
array R[0..n — 1] by

R[i] =i + LA[i]. (3)

The array R satisfies R[i] > i for all 7 and induces a set of properly nested intervals
[i, R[7]), which induces an ordered tree, called Lyndon tree [11], whose structure can
be encoded as BPS.

The BPS encoding of the nested intervals, stored in LAgp[0, 2n — 1], is computed
by scanning positions ¢ = 0,1,...,n — 1 of LA. Let pos denote the index of the next
free position in LAgp, initially set to 0. When processing a position ¢, an opening
parenthesis “(” corresponding to ¢ is written at position LAgp[pos]. The matching
closing parenthesis “)” is written at position LAgp[pos+ 2-LA[i| — 1]. Afterwards, pos
is advanced to the smallest index such that LAgp[pos] is still undefined. Because each
position of LA contributes exactly one opening and one matching closing parenthesis,
the resulting BPS contains n matching pairs and therefore occupies exactly 2n bits.

Given the BPS LAgp[0,2n — 1]. Let open(i) (resp. close(i)) denote the position of
the i-th opening (resp. closing) parenthesis in LAgp. By construction, we have

__ close(i) — ;pen(i) +1 (4)

Using standard balanced-parentheses navigation operations, the position of open(7)
and close(7) can be computed in O(1) time when LAgp is augmented with o(n) addi-
tional bits, and thus every value LA[i] can be retrieved in constant time (see [18] for
details).

LA[i]
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s | BWT | sorted suffixes s | BWT | sorted suffixes
s—0 ? BANANAS 0 A $

1 A s 1| N |A$

2 N A$ 2 N ANAS

3 N ANAS 3 B ANANAS
p—4 $ ANANAS r—4 $ BANANAS

5 A NAS 5 A NAS

6 A NANAS 6 A NANAS

Figure 2. After Step 1 (left) and Step 4 (right) for 7' = BANANAS, s = 0.

Figure [1| also shows the succinct 2n-bit representation of the Lyndon array for
T = BANANAS.

3 In-Place BWT

The in-place BWT algorithm of Crochemore et al. [10] computes the transform in
quadratic time using only constant extra space, overwriting the input string from
right to left with its BWT as the construction proceeds.

The BWT is computed inductively on the length of the suffix. Let BWT(Tj)
denote the BWT of the suffix Ty = T'[s,n — 1]. The base cases are the two rightmost
suffixes:

BWT(TTL,Q) = Tn,Q, BWT(Tnfl) == Tnfl.

For the inductive step, assume that BWT(T,;1) is already stored in T[s + 1,n —
1]. The algorithm computes BWT(T;) by inserting the new suffix Ty in its correct
lexicographic position among the suffixes T, 1,...,7T,,_1. It relies on the fact that the
position of the end marker $ in BWT(T§,1) corresponds to the rank of the suffix 7Ty,
among the current suffixes.

The algorithm consists of four steps, for iterations s=n—2,n—3,...,0.

1. Find the position of the end marker. Locate the position p of $ in T[s +
L,n—1].

2. Compute the rank of the new suffix. Let ¢ = T[s] be the first symbol of T.
The local rank r of T, among the suffixes T, ...,T,,_; is obtained by summing
the number of symbols in T'[s 4+ 1,n — 1] that are strictly smaller than ¢, with the
number of occurrences of ¢ in T'[s + 1, p].

. Insert T, into the sequence. Store ¢ into T'[p], replacing the end marker $.

4. Shift symbols to insert a new end marker. Shift the block T[s + 1,7] one

position to the left and write $ at position T'[r]. Then, BWT(Ty) = Ts.

w

Figure [2| illustrates the execution of the in-place BWT algorithm on the text
BANANAS$ for the iteration s = 0, showing the effect of Steps 1 and 4 on the partial
BWT(T)) stored in T[1..n — 1].

The algorithm runs in O(n?) time and uses only O(1) additional variables. Its
simplicity and elegant inductive structure make it a useful foundation for extensions,
such as computing the LCP array [16] or, as we show next, the inverse suffix array
and then the Lyndon array, while preserving the constant-space property.
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s | BWT | ISA | sorted suffixes s | BWT | ISA | sorted suffixes
s—0 ? 7 | BANANAS 0] A 4 1%

1 A |31 1 N 3 | A$

2| N 5 | A$ 2 N 6 | ANAS

3| N 2 | ANAS 3 B 2 | ANANAS
p—4| $ 4 | ANANAS r—4| $ 5 | BANANAS

51 A 1 | NA$ 5 A 1 | NAS

6| A 0 | NANAS 6 A 0 | NANAS

Figure 3. After Step 1 (left) and Step 5 (right) for 7' = BANANAS, s = 0.

4 In-place BWT along with the Lyndon Array

We now describe how to extend the in-place BWT algorithm (Section [3)) to compute
the BWT and the Lyndon array (LA) simultaneously, using only constant additional
memory.

The key idea is to maintain, during each iteration s = n —2,n — 3,...,0, the
lexicographic ranks among the suffixes Ty, ...,T,_1, stored in the ISA[s,n — 1]. At
the end, the values in ISA[0,n — 1] are converted into the Lyndon array, according to
Equations [I] and [2]

The algorithm proceeds inductively on the length of the suffix, as in the original
in-place BWT construction. Let ISA(Ts) denote the partial ISA for Ty, = T'[s,n — 1].
The base cases for ISA are:

ISA(T},_s) = [1,0], ISA(T,_1) = [0)].

For the inductive step, assume that we also have ISA(Ty, ;) already stored in ISA[s +
1,n — 1]. The algorithm computes ISA(T}) by storing in ISA[s]| the rank r of the new
suffix T inserted into BWT(Ts41), and by updating the ISA-values of all suffix that
has rank larger than r in ISA[s + 1,n — 1]. Therefore, our algorithm has a new Step
5, added just after Step 4 of the in-place BWT algorithm as follows.

5. Update the inverse suffix array. After inserting T in BWT(Ts11), set ISA[s] =
r, and increment by one all entries ISA[i], with s+ 1 < i < n, such that ISA[i] > r.

Lemma 1. Step 5 maintains the correct rank information for all suffizes currently
present in BWT (Ty).

Proof. We prove the invariant by induction on s (right to left). For the base s =
n — 2 the two ranks are set correctly. Assume that before processing s the array
ISA[s + 1..n — 1] stores the ranks 0,...,m — 1 of Tsyq,...,T,,_1, with m =n — s. Let
r € {0,...,m} be the rank of T, among T, ..., T, 1. Every suffix with old rank ¢ < r
are shifted one position to the left and keep their rank, while those with ¢ > r must
have its rank increased by 1, as T was inserted into position 7; moreover ISA[s] must
be r. Step 5 performs exactly these updates (incrementing entries with ISA[i] > r and
setting ISA[s] = r). Hence after the update ISA[s..n — 1] stores the ranks 0, ..., m of
Ts,...,T,_1, which proves the claim.

Figure |3 illustrates the execution of the algorithm on the text BANANA$ for the
iteration s = 0, showing the effect of Steps 1 and 5 on the partial BWT and ISA.
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1 2 3 4 5 6 7 Iteration 1 2 3 4 5 6 7 Iteration

BWT=|a|n|n|b|$|a|a aln|n|b|$|ala

1 5
ISA=|4|3[6|2]|5]110 1(2(1(2[5[1]0
aln|n|b|$|lala aln|n|b|$|ala

2 6
1{3(6[2[5]1]0 1121112111 1]0
aln|n|lb|$|lala aln|n|b|$|ala

3 7
11216(2|5[1]0 1(2(1(2(1(11]0
aln|n|b|$|ala BWT=|a|n|n|b|$|a]a

4 8
1(2(1(2[5]1]0 LA=|1|2|1[2]|1|1]1

Figure 4. Example of the in-place LA construction from ISA on 7" = BANANAS.

Finally, given the inverse suffix array ISA(T}), we scan ISA[0,n — 1] from left to
right, overwriting each processed entry with the corresponding Lyndon array value.
For each position ¢ = {0,1,...,n — 1}. Then, LA[i] = j — 4. This corresponds to
computing the next smaller value (NSV) over the ISA, as described in Section .
Since ISA[i] is no longer needed after processing position ¢, it can be overwritten by
LA[i], yielding the final Lyndon array without allocating any additional memory.

Figure {4] illustrates how the ISA values maintained during the in-place BWT
construction are subsequently overwritten by the corresponding Lyndon array values.

In the appendix, we provide a C implementation of the algorithm, including the
in-place construction of the BWT (Lines 10-28), the maintenance of the inverse suffix
array during the construction process (Lines 30-34), and the subsequent derivation

of the Lyndon array from the computed ranks using the next-smaller-value procedure
(Lines 36-43).

Theorem 2. The BWT can be computed in-place together with Lyndon array in
O(n?) time.

Proof. The algorithm follows the same inductive structure as the in-place BW'T con-
struction. Each iteration performs a constant amount of work plus two O(n) scans
(Steps 1-2), and there are n iterations, yielding an overall running time of O(n?). The
update of the inverse suffix array in Step 5 requires only an extra linear scan at each
iteration, and the final conversion of ISA into the Lyndon array by the next-smaller-
value scan also takes O(n?) time. Thus, the total time remains quadratic. The space
usage is O(1) words beyond the input text 7" and the output array LA.

5 Computing the Succinct Lyndon Array

The succinct 2n-bit representation of the Lyndon array [18] can be computed directly
from the BWT of T, using O(1) additional working space. Our construction follows
the in-place BWT inversion algorithm [I0 Section 3]
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L F L F L F L F L F L F
A 3 A 3 A $ A 3 A 3 A $
N A N A N A N, A N, A @A
N A Ny A Ny A A N\ A N A
B\A (B)—/A B\ A B\ A B\ A B A

($)>B $ VB $ \ B $/\B $ \B $ B
A N A/\N A \N AW (AW A N
AN A=W AW AN AN A N
LA[0] = 1 LA[1] = 2 LA[2] = 1 LA[3] = 2 LA4] = 1 LA[5] = 1

Figure 5. Computing the LA-values from the BWT of T

Initially, BWT(T) is stored in the array L[0..n— 1], while the balanced-parentheses
representation LAgp[0..2n—1] is empty. We begin by scanning L to locate the position
p of the symbol $, which corresponds to the value ISA[0]. For each stepi = 0,1,...,n—
2, let p = ISA[i]. Using the in-place BWT inversion procedure, we iteratively apply
the LF-mapping [8] starting from position p in order to compute the positions

ISA[i + 1], ISA[i +2], ..., ISA[i + ],

which correspond to the rank of Tj 1, Ti19, ..., Tiy;. This procedure continues until
the first position ¢ = ISA[i + j] such that ¢ < p is encountered. By Equation [2 this
index j equals NSVisa(i), and therefore

LA[i] = j —i.

This value is encoded directly into LAgp[0..2n — 1] by writing an opening parenthesis
“(” at the current leftmost free position pos, and the matching closing parenthesis
“)” at position pos + 2LA[i] — 1, as described in Section . The pointer pos is then
advanced to the next free position, and the algorithm proceeds with step ¢ + 1. For
the last position i = n — 1, since T'[n — 1] = $, the suffix T,,_; is lexicographically
smaller than all other suffixes and therefore LA[n — 1] = 1, which is encoded directly
n LABP.

Figure [fillustrates this process for 7' = BANANA$. Starting from the position of the
end marker, successive LF-mapping steps identify the first suffix whose lexicographic
rank is smaller than the current one.

Theorem 3. The succinct 2n-bit Lyndon array can be computed in-place in O(n>¢)
time.

Proof. Given BWT(T'), the algorithm processes each position i = 0,1,...,n — 1 by
performing successive LF-mapping steps until the value LA[¢] is determined. In the
worst case, this requires O(n) LF steps per position. Each LF step is computed using
the in-place BWT inversion algorithm of Crochemore et al. [10], whose running time
is O(n'™) in the general ordered alphabet model, for any fixed constant & > 0.
Therefore, the total running time is O(n*™¢). The construction maintains only a
constant number of counters and indices in addition to the input and output arrays,
and thus uses O(1) extra space.
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6 Conclusion

We have presented a constant-space algorithm that computes the BWT and the
Lyndon array simultaneously. Our method extends the in-place BWT construction of
Crochemore et al. [10] by maintaining the inverse suffix array incrementally and then
deriving the Lyndon array. Although not intended for practical use, these results show
constructions for these fundamental structures under the strongest space bounds.
We also showed that the succinct 2n-bit representation of the Lyndon array can
be obtained directly from the BWT using constant space. Unlike the linear-time
construction that relies on additional working memory [18/7], our procedure requires
only constant extra space, at the cost of higher time complexity.
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A Source Code

void bwt_lyndon_inplace(unsigned char *T, int n, int* LA){
int i, j, p, r=1, s;
unsigned char c;

// base cases
LA[n-2] = n-1;
LA[n-1] n-2;

for (s=n-3; s>=0; s—-) {
c = T[s];

/*steps 1 and 2*/

r = 8,

for (i=s+1, T[i] !=END_MARKER; i++)
if(T[il<=c) r++;

p = 1ij

while (i<n)
if (T[i++]1<c) r++;

/*step 3%/
Tlpl=c;

/*step 4*/

for (i=s; i<r; i++) {
T[i]=T[i+1];

}

T [r]=END_MARKER;

/*step 5x/
for (i=s+1; i<m; i++) {
if (LA[il<=r) LA[i]-—-;
}
LA[s]= r;
+
/*ISA to LA*/
for (i=0; i<mn; i++) {
for(j=i+1; j<n; j+H){
if (LA[jI<LA[i])
break;
}
LA[i]l=j-1;
+
}



