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Multiple Sequence Alignment

Multiple Sequence Alignment (MSA) Local Gapless Alignment (LGA)

CA--AGCGCTAA---TT CAAGCGCTAATT
C---AGCCGAAGT--AT CAGCCGAAGTAT
CA-CAAGTCAAG----T CACAAGTCAAGT
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Degenerate string from LGA

Local Gapless Alignment

C A A G C G C T A A T T
C A G C C G A A G T A T
C A C A A G T C A A G T
Degenerate String
A G C C T A T
{c}-{a}-{Gp-<C Cp-{G}- QA -CR}-1G T ap-{T}
C A A T C A G
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Period of classical string

Example: String u = aabbaa has periods 0, 4 and 5

0 1 2 3 4 5 6 7 8 9 10
u a a b b aa - - - - -
u a a b b aa - - - - -

- aab b aa - - - -

- - a a b b aa - - -

- - - a a b b a a - -

- - - - a a b b a a -

- - - - - a a b b a a

@ Period set = {0,4,5} (and corresponding autocorrelation 100011)
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Known results about periods of classical strings

@ Characterization of period sets [JCTA, Guibas and Odlyzko,1981].

o (Auto)correlations
o Lower bound on the number of period sets of a given length
e Populations (i.e. how many strings share a given period set)

@ The combinatorics of periods [JCTA, Rivals and Rahmann,2003].

@ The convergence of the number of period sets for strings of given length
[ICALP , Rivals, Sweering and Wang, 2022].
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Degenerate string

2 : afinite alphabet of size ¢ and n an integer.

Definition (Degenerate string)

w=w[0...n—1] € (P(X)\0)" is a string of length n over P(X)\ 0.

@ w[i] is called an undetermined symbol

@ We say two degenerate strings X and y of length n match, if for all
i€{0,...,n—1} the intersection X[i] N [i] is non-empty.

@ A hollow string W is a degenerate string such that w[i] = 0 for at least one
i€ef{0,...,n—1}
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Language associated to a DS

Definition (Language)

The language of a degenerate string w of length n is set of all classical
strings that match with it:

L(W)={weX"|Vie{o,....,n—1} wli]e W[}

Lei = {;} . {i} . {2} e} {2}

L(w) = {abbca, abbcc, abcca, abcce, acbea, acbee, accca, accee,
bbbca, bbbce, bbeea, bbece, bebea, bebee, beeea, beeee'}
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Strong periodicity

Definition (Strong period)

A degenerate string W has strong period p if there exists a string w €
L(Ww) with period p.

@ To model one specific string, whose letters are not precisely known.
@ P5(w) denotes the set of strong periods of w.

L= {;} . {2} . {2} e} {i}

accca € L(W), accca has periods 0,4. PS(W) = {0,4}.
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Weak periodicity

Definition (Weak period)

A degenerate string w = w[0...n— 1] has weak period p € {0,...,n—1}
if and only if #[0...n— p— 1] matches W[p...n—1]

@ Weak periods can model variations in a set of related strings.

@ PY(w) denotes the set of weak periods of W.

« rumngorango i~ {2} [7). {710 2},
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Weak periodicity

Definition (Weak period)

A degenerate string W = W[0. .. n— 1] has weak period p € {0,1,...,n—
1} if and only if W[0...n— p— 1] matches W[p...n—1]

@ Weak periods can model variations in a set of related strings.

@ PY(w) denotes the set of weak periods of W.
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Medium periodicity

Definition (Medium period)

A degenerate string w = w[0n— 1] has medium period p € {0,1,...,n—
1} if and only if forany 0 <i,j < n—1 such that i = j ( mod p ) we have

wli] N W] # 0.

@ P™(W) denotes the set of medium periods of W.

e P¥(w)=1{0,1,2,4} = P™(W) =1{0,2,4}

@ For each degenerate string, P C P™ C P".

@ The sets of weak, medium and strong period sets of all degenerate strings

of length n are denoted by Q)/, Q27, and €25.
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Characterization of periodicities

Theorem (Characterization of PS)

LetPS C P™"C P" C{0,...,n—1}. Then P*, P™ and P® are respectively the
weak, medium, and strong period sets of some non-hollow degenerate string w
of length n if and only if

@ oePs,

@ VpeP"withp>n/2 = pe P5,

@ pePmiffvkeNwithkpe {0,....n—1} = kpe P¥
@ pePsiffykeNwithkpe {0,...,n—1} = kpe PS.
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Proof of characterization of periodicities, part 1

Given a non-hollow degenerate string .

Proof: Necessity (=).

@ Every classical string has period 0, so take any string from L(W).
@ Ww=w[0...n—p—1]W[n—p...p—1]W¥[p...n— 1] with
w[0...n—p—1]NW[p...n—1] #0
= Jstringw=w[0...n—p—1]w[n—p...p—1]w[p...n—1]:
o w[0...n—p—1]=w[p...n—1] € W[0...n—p—1]NW¥[p...n—1]
e andw[n—p...p—1] € W[n—p...p—1].
@ This is the definition of medium periods.

@ |If aclassical string w € L(W) has period p, then it also has period kp for

k € N, giving w strong period kp as well.

]

v
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Proof of characterization of periodicities, part 2

Proof: Sufficiency (<=).
Sufficiency (<): Proven by constructing W given the period sets:

{a,0} ifi=0
{a,c} ifie Ps\{0}
{b,c} ifieP"\PS
{c} otherwise

wli] =

@ Wp| #c<=pe (P\{0})U(P"\P®) < pe P"\{0}.
@ For every p € P™, every multiple is a weak period with symbol {b, c}.
@ For p € P5\ {0}, there exists a string w € L(W) such that:

W[i]:{a itp| i

c otherwise.

19/27



Proof of characterization of periodicities, part 3

...nence W has strong period p. If p ¢ P?, then either
@ p¢ PY or
@ pe P\ P°® <= JkecNsuchthatkp € [5,n—1],kp € P® <=

w[0] N w[p] N W[kp] = {a,b} N {b,c} N {a,c} =0.

Because the constructed string W has alphabet size 3, period sets in general
are independent of their alphabet - when |¥X| > 3.
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Primitive sets and relation to period sets

@ By the characterization theorem, we notice that P, P° are multiplicative
subsets of [0,...,n—1] and hence Q) = Q3.

@ For P C[0,n—1] we write (P) ={kp € [0,n—1] | p€ P, k € N}. We say
that P is a generator of (P).

Definition (Primitive set)

A set P of integers is primitive if it does not contain a pair i # j such that
i divides j or j divides i.

For any P C [0,n— 1], there exists a unique Ppim such that Pyim is a primitive
set and the minimum generator of P. Hence, P —> Ppn is a one-to-one
mapping between primitive subsets and multiplicative subsets of [0,n— 1].

Define Q(n) as the number of primitive sets with greatest element at most n.
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Counting the number of period sets

Theorem (Counting and convergence)

@ The number of weak period sets is: |Q%| =2"".
@ For medium/strong period sets: for any € > 0, we have

|Qnm‘ _ ’Q.,s7| _ 0cn(1—|—O(exp((—1—|—£)«/Iogn|oglogn)))'

@ The set of weak period sets “corresponds to” the power set of
{1,...,n—1}.

© We applied the knowledge from number theory and
Q7| = |25 = Q(n—1).
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Conclusion

@ We provided three notions of periodicity (weak, medium, and strong) for
degenerate strings.

@ We characterized the period sets for each, exhibiting necessary and
sufficient conditions.

@ We counted the number of period sets for strings of length n for each type
and studied its convergence using recent results from number theory.

@ We investigated the structure of the families of period sets. i.e. Proved
that all the types of period sets form lattices under set intersection and set

union.

@ We computed how many degenerate strings share a given period set (i.e.
its population) using graph theory.
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@ Investigate the combinatorial part of periodicity of languages,.i.e, any set
of strings.

@ Study the algorithmic aspect of periodicity of languages,e.g.,Improve the
complexity to determine period sets of degenerate string.

@ Apply our notions of periodicity of degenerate string to pattern matching,
or string-graph matching problem.
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